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The semisimplicity of Iwahori]Hecke algebras has been studied by several
 .authors. A. Gyoja J. Algebra 174, 1995, 553]572 gave a necessary and sufficient
condition for Iwahori]Hecke algebras to be semisimple, using the modular repre-
 .sentation theory. The author J. Algebra 183, 1996, 514]544 studied the semisim-
plicity of parabolic Hecke algebras when they have only one parameter q. In
this paper we completely determine the cases when parabolic Hecke algebras
are semisimple complementing our previous work applying the method of Gyoja.
Q 1998 Academic Press
1. PRELIMINARIES ON MODULAR
REPRESENTATION THEORY
w xIn this section, we summarize the argument of Gyoja 11 . For the
w xdefinitions and the proofs of the theorems not explained here, see 11 .
 .Let R be an integral domain, K [ Frac R its fractional field, p a0 0 0 0
0 0 .prime ideal of R , K [ Frac R rp , A an R -algebra, A [ A m0 0 0 0 0 0 0 0 R 00 0 k 0 .K , and A [ A m K . Let t g A [ Hom A , R and we assume0 0 0 0 0 0 R 0 00
the following three conditions:
 . 01 A is a finitely generated free R -module.0 0
 .  .  . 02 t ab s t ba for any a, b g A .0 0 0
 . 0 0 k  . .  .  0 .3 For a g A , define at g A by at b s t ba b g A .0 0 0 0 0 0
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 4 0  U 4Let b : i s 0, 1, . . . , d be a free R -basis of A and b : i s 0, 1, . . . , di 0 0 i
its dual basis of A0 with respect to t , i.e.,0 0
t b bU s t bU b s d Kronecker's delta , i , j s 0, 1, . . . , d. . .  .0 i j 0 j i i , j
 .Let R be a commutative R -algebra without zero divisors, K [ Frac R ,0
a a  .K an algebraic closure of K, X s g S the totality of irreducibles
 a.A m K -modules up to isomorphism, and x the corresponding irre-0 K s0
ducible characters of A m K a. If A [ A m K is a separable K-alge-0 K 0 K0 0
bra, then
t m K a s d x ,0 K s s0
sgS
 . awith some d s d x g K .s s
 .THEOREM 1.1 Gyoja . Keep the notation as abo¨e.
 .i Let R be a pseudo-geometric ring. Then under the abo¨e assump-0
tions, the following two conditions are equi¨ alent.
 .  .1 A is a separable K -algebra and the d 's s g S are integral0 0 s
 .o¨er R .0 p 0
 .2 A is a separable K -algebra.0 0
 .ii If we further assume that p is a prime ideal of R, R is a regularp
0 .local ring, K [ Frac Rrp , A s A m K, and A is a split semisimple0
K-algebra, then the following conditions are equi¨ alent.
 .1 d g R for any s g S.s p
 .2 A is a split semisimple K-algebra.
 .3 A is a separable K-algebra.
w  .  .xFor a proof, see 11, 2.10 , 2.21 .
PROPOSITION 1.2. Assume that A is a split semisimple K-algebra. Then
under the abo¨e assumptions, d / 0 ands
d
Ux 1 s d x b x b . .  .  .s s s i s i
is0
w  .xFor a proof, see 11, 2.23 .
2. PRELIMINARIES ON PARABOLIC HECKE ALGEBRAS
 .Let W, S be a finite Coxeter system. This means that a finite group W
has a presentation with a set of generators S and defining relations
s2 s 1 for s g S,
st ??? s ts ??? for s, t g S, s / t , .  .m mst st
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 .where ab ??? denotes a product of alternating a's and b's with mm
factors, and m is the order of st in W.st
 4Let r [ r : s g S be a system of indeterminates chosen so that r s rs s t
2 w xif and only if s and t are conjugate in W, q [ r , R [ Z r : s g S , ands s s
 .  4K [ Frac R . Then there exists an R-algebra, for which T : w g W is aw
basis, and whose multiplication is uniquely determined by the following
formulas,
T if l sw ) l w , .  .swT T ss w  q T q q y 1 T if l sw - l w , .  .  .s sw s w
 .for s g S, w g W, where l is the length function in W, S . We call it the
 .  .Iwahori]Hecke algebra with respect to W, S and denote it by H S; R .
 .The algebra H S; R has a presentation as an R-algebra with generators
 4T : s g S and relations ass
T 2 s q q q y 1 T for s g S, .s s s s T T ??? s T T ??? for s, t g S, s / t , .  .m ms t t sst s t
where m is the order of st in W. We have a unique homomorphism ofst
 .  .  .R-algebras ind : H S; R ª R such that ind T s q for s g S and ind Ts s 1
< <  . < <s 1. We put X [  ind T for X ; W. Especially W is theR Rx g X x
 .Poincare polynomial of W. For a finite Coxeter system W, S , the explicitÂ
< <  w x.form of W is known cf. 13, 11 .R
 .  .For J ; S, let H S, J; R be the R-subalgebra of H S; R defined as
H S, J ; R [ a g H S ; R : T a s aT s q a, for all s g J . 4 .  . s s s
 .We call it parabolic Hecke algebra with respect to W, S and J. We note
 .  .  .  :that H S, B; R s H S; R and H S, S; R s  T , R. For aRw g W w
Ä Ä Ä .  .ring homomorphism u : R ª R, put H S, J; R, u [ H S, J; R m R.R, u
Ä Ä .  .We shall denote it simply by H S, J; R or H S, J , when R and u are
fixed by the context.
Let W be the subset of W generated by the elements in J, andJ
 4W _ WrW s V , V , . . . , V .J J 0 1 d
We always assume that V s W and V s W w W , where w is the0 J d J 0 J 0
longest element in W. For each double coset V , puti
b [ T g H S, J ; R , i s 0, 1, . . . , d. .i w
wgV i
 4  .  w  .x.Then b : i s 0, 1, . . . , d form a basis for H S, J; R see 5, 2.10 . In thei
 4 rest of this paper we call b : i s 0, 1, . . . , d the standard basis for H S, J;i
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. R . Note that this definition of standard basis is different from the one in
w x < < .9 . But the difference is only scalar product of W .RJ
Define ck g R byi j
d
kb b s c b , i , j s 0, 1, . . . , d.i j i j k
ks0
Then by an easy calculation, we have the next lemma.
LEMMA 2.1. Keep the notation as abo¨e. For each 0 F j F d, we define j9
by V s Vy1. Thenj j9
 . k k 9i c s c , i, j, k s 0, 1, . . . , d.i j j9i9
 . 0 < <ii c s V d , i, j s 0, 1, . . . , d.Ri j i i, j9
 . < < k < < jX < < iXX Xiii V c s V c s V c , i, j s 0, 1, . . . , d.R R Rk i j j k i i jk
< <y1  .In particular, W b is the identity element of H S, J; K .RJ 0
w xFor a proof, see 9 .
3. SEMISIMPLICITY OF PARABOLIC HECKE ALGEBRAS
In this section, we determine explicitly when parabolic Hecke algebras
are semisimple.
We keep the notation in Section 2. Let F be a field, and u : R ª F a
 < < .  .ring homomorphism. Unless u W / 0, then H S, J; F, u does notRJ
  ..have the identity element cf. 2.1 . So in the rest of this paper, we always
assume this inequality.
PROPOSITION 3.1. Let F be a field, and u : R ª F a ring homomorphism.
< <  < < .  .If W [ u W s 0, then H S, J; F, u is not semisimple.F , u R
d  .Proof. Let E [  b m 1 s  T m 1 g H S, J; F, u . Then Eis0 i w g W w
is a central element and
2 < <E s W E s 0.F , u
 .Hence E generates a nilpotent ideal of H S, J; F , which lies in the
 .radical of H S, J; F , and we obtain the desired result.
< < < <Remark 3.2. We note that W is a multiple of W in R. Because ofR RJ
the proposition above, in the rest of this paper, we always assume that
< <W / 0.F , u
LEMMA 3.3. Let F be a field, u : R ª F a ring homomorphism, and
 .  .J ; J9 ; S. If H S, J; F, u is semisimple, then H S, J9; F, u is also
semisimple.
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 .  . < <Proof. Suppose H S, J; F, u is semisimple. By 3.2 , we have W /F , u
< < X < <y10 and in particular W / 0. Let e [ b m W be an identityF , u F , uJ 9 0 J 9
 .  .element of H S, J9; F, u . Then e is an idempotent in H S, J; F, u , and
Rad H S, J9; F , u . .
s Rad eH S, J ; F , u e s e Rad H S, J ; F , u e s 0 .  . .  .
 w  .x.  .cf. 6, 5.13 . Hence H S, J9; F, u is also semisimple.
LEMMA 3.4. Let F be a field, u : R ª F a ring homomorphism, and
  . 4 S [ s g S : u q s 0 . Let S9 be a subset of S with S9 ; S or S9 > S y0 s 0
.  .  .  .S . Then T ¬ T s g S9 and T ¬ u q s f S9 defines a surjecti¨ e0 s s s s
 .  .homomorphism H S; F, u ª H S9; F, u . For J ; S, this homomorphism
 .   . .induces a surjecti¨ e homomorphism H S, J; F, u ª H S9, S9 l J ; F, u .
  . .In particular, if H S9, S9 l J ; F, u is not semisimple, then neither is
 .H S, J; F, u .
Proof. The first assertion is obtained by checking the elementary
 .  .relation of H S; F, u . Here we check the braid relation of T and u qs s1 2
 .where s g S9 and s f S9. When s g S , u q s 0 and the braid1 2 2 0 s2
relation is satisfied trivially. So we assume that s f S . By the assumption2 0
of s and S9, S9 must be included in S . Since s g S and s f S , s and2 0 1 0 2 0 1
 .  .s are not conjugate and the order of s s is even. Hence T and u q2 1 2 s s1 2
satisfy the braid relation.
 .  For J ; S, let e and e9 be identity elements of H S, J; R and H S9, S9
. .l J ; R respectively. Then this homomorphism maps e m 1 toF , u
 < < < < .u W r W e9 m 1. Hence we complete the proof of the lemma.R RJ S9l J F , u
’ .PROPOSITION 3.5. Let k s Q if W is a Weyl group, k s Q 5 if
  ..  .W s H or H , and k s Q cos 2prm if W s I m . Then3 4 2
 .i k is the minimal splitting field of the group ring QW,
 .  .ii kK is the minimal splitting field of H S; K ,
 .  .iii kK is a splitting field of H S, J; K .
 .  . w xProof. For a proof of i and ii , see 2, 3, 11, 14 .
 .  .iii We have to prove that each simple H S, J; kK -module is abso-
 .lutely simple. We recall that it is sufficient to prove that uH S, J; kK u s
 .  w  .x.kK u for each primitive idempotent u g H S, J; kK cf. 6, 3.43 . Since
 .  .  .H S, J; kK s eH S; kK e for the identity element e g H S, J; kK ,
uH S, J ; kK u s ueH S ; kK eu .  .
s uH S ; kK u s kK u , .
and the result follows.
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 .PROPOSITION 3.6. Let C be the integer ring of field k determined in 3.5 ,
w y1 < <y1 x  .  .and R9 [ C r, r , W . Define an R-linear form t : H R ª R by t bR 0
 .  .  .s 1 and t b s 0 1 F i F d . We denote t m R9: H R9 ª R9 simply by t .i
Then we ha¨e the following.
 .i R9 is a pseudo-geometric.
 .ii R9 is a regular ring. That is, for any prime ideal p ; R9, R9 is ap
regular local ring.
 .  .iii H S, J; kK is a split semisimple kK-algebra.
 .   . .  .  .iv H S, J; R9 , t satisfies the conditions 1 ] 3 in Section 1. Now
 U 4  .let b : i s 0, 1, . . . , d be a dual basis of H S, J; R9 with respect toi
 4b : i s 0, 1, . . . , d . Theni
U < <y1b s V b , i s 0, 1, . . . , d,Ri i i9
 .where i9 is determined as in 2.1 .
 . y1Proof. i In general, if R is pseudo-geometric, then S R for every
multiplicative subset S of R, and every ring which is of finite type over R
 w x.are pseudo-geometric cf. 18, Sect. 36 . So we obtain that R9 is pseudo-ge-
ometric.
 . w xii See 17, Sects. 14 and 19 .
 .  .iii See 3.5 .
 .  .  . < <y1iv From 1.2 and 2.1 , it is enough to check that V is anRi
element of R9. We have
< < < J < < <V s W w l W WR R Ri J J
< K < < <s ind w W W . R RJ J
< < 2 < <y1s ind w W W , . R RJ K
y1 J   .  . 4where K s J l wJw , W [ w g W; l ws ) l w for all s g J and
J   .  . 4  w  .x.W [ w g W ; l ws ) l w for all s g K cf. 7, 64.40 . Hence weJ y1< <obtain that V g R9.Ri
 .  .Now we apply 1.2 to H S, J; kK .
 . COROLLARY 3.7. For an absolutely irreducible character x of H S, J;
.  .  .kK , d x is determined by the equation t s  d x x , where t is as inx
 .3.6 . Then we ha¨e
d
y1< <d x s x 1 r V x b x b . .  .  .  . Ri i i9
is0
 .Note 3.8. For an irreducible character x of H S, J; kK , there exists a
 .unique irreducible character w of H S; kK such that w N s x .x x H S, J ; k K.
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This correspondence induces a bijection between the irreducible charac-
 .  .ters of H S, J; kK and the irreducible characters of H S; kK which
H S; k K.  .  . < < < <y1appear in 1 . For x and w s w , put d s d [ d x W W ,R RH  J ; k K. x w x J
w x which is called the generic degree of w and is listed in 2, 4, 15 . See also
w x .  .5 . We can also see them in CHEVIE GAP part the computer algebra
< < y1system. It can be checked that W ? d g R9 for any irreducible charac-R w
 .ter w of H S; kK .
THEOREM 3.9. Let F be a field, and u : R ª F a ring homomorphism. If
 .  .u q / 0 for any s g S, then H S, J; F, u is separable if and only ifs
 < < y1 .  .u W ? d / 0, for any irreducible character w of H S; kK such that wR w
H S; k K.  .appears in 1 . We note that the index representation of H S; kK alwaysH  J ; k K.
appears in 1H S, k K. and the generic degree d s 1.H  J ; k K. ind
Proof. We may freely replace F with its algebraic extension field. Thus
w y1 x  .we assume that u is extended to u : C r, R ª F where C is as in 3.6 . If
 .  < < .  .H S, J; F is semisimple, then u W / 0 by 3.2 . So we assume thatR
 < < .  .u W / 0 and u is extended to u : R9 ª F. Put p s ker u . By 1.1 , it isR
 . Xenough to determine when all the d x 's are integral over R , i.e.,p
 . X  X .  .d x g R . Note that R is integrally closed. By 3.8 , we can see thatp p
 .y1 < < < < y1 < <d x ? W s W ? d g R9 for any x . Since W g R9 y p by theR R RJ w Jx
 .y1 < <above assumption, it is equivalent to determining when d x W g R9RJ
y1  . < < .y p , i.e., u d x W / 0.RJ
 .  . < <Let W, S be an irreducible finite Coxeter system and q q [ W theR
 .corresponding Poincare polynomial. For each W, S , we explicitly deter-Â
mine the q 's as follows:s
 .  . a When W, S is of type A , D , E , E , E , H , H , and I 2m qn n 6 7 8 3 4 2
.  41 , then q : s g S consists of one element, say q.s
 .  .  .  4b When W, S is of type B , F , G , and I 2m , then q : s g S2 4 2 2 s
consists of two elements, say u and ¨ ,
u u ¨ ¨
o o o o , type F ,4
1 2 3 4
u ¨
o o , type I 2m . We consider B s I 4 and G s I 6 . .  .  . .m 2 2 2 2 2
1 2
 .  .  .  4c When W, S is of type B n G 3 , then q : s g S consists ofn s
two elements, say q and y:
q q q y
o o o o
n1 2 n y 1
PARABOLIC HECKE ALGEBRAS 277
 .For a polynomial f x, y with two variables, take the smallest natural
a  y1 .number a such that x f x , y becomes a polynomial. We denote this
q .polynomial by f x, y .
 .THEOREM 3.10 Gyoja . Let F be a field, and u : R ª F a ring homomor-
 .phism. For each irreducible finite Coxeter system W, S , we define a polyno-
 .mial D s D q as
 .A : D s q q .1
 .  .A n G 2 : D s qq q .n
 . q .B : D s u¨q u, ¨ q u, ¨ .2
 .  . q .B n G 3 : D s qq q, y q q, y .n
 .  .D n G 4 : D s 2 qq q .n
 .E , E : D s 2 ? 3qq q .6 7
 .E , H : D s 2 ? 3 ? 5qq q .8 4
 3 . 3 .  . q .F : D s 2 ? 3u¨ u q 1 ¨ q 1 q u, ¨ q u, ¨ .4
 . q .G : D s 2u¨q u, ¨ q u, ¨ .2
 .H : D s 2 ? 5qq q .3
 .  .  .I m 2 ¦ m and m G 5 : D s m ? qq q .2
 .  .  . q .I m 2 N m and m G 8 : D s m ? u¨q u, ¨ q u, ¨ .2
Then
 .  .  .i H S; F, u is separable i.e., absolutely semisimple if and only if
 .u D / 0.
 .ii Assume that u : R ª F is a composition of homomorphisms R ª
 .  .R9 ª F. Because of 3.2 , this condition is equi¨ alent to u q / 0 for anys
 .s g S. Then H S; F, u is split semisimple if and only if it is separable.
w  .  .xFor a proof, see 11, 3.9 , 3.10 .
 . Now we consider the semisimplicity of H S, J; F, u . Since H S, S;
.  .  .R , R and H S, B; R s H S; R , we assume that J / S and J / B.
Then extending the above results, we have the next theorem.
THEOREM 3.11. Let F be a field, and u : R ª F a ring homomorphism.
 .For each irreducible finite Coxeter system W, S and J ; S with J / S and
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 .J / B, we define a polynomial D s D q as follows:
q q , if W is of type A , . J ny1A : D sn  qq q , otherwise. .
 . q .B : D s q u, ¨ q u, ¨ .2
 .  . 2 .  k .  .B n G 3 : D s q y q q y q q ??? y q q q q, y ,n
where
max. 1 F j F n y 1 : s f J , if s g J , 4j nk s  n y 1, otherwise.
qq q , if W is of type A or D , . J ny1 ny1 .D n G 4 : D sn  2 ? qq q , otherwise. .
2 ? qq q , if W is of type A , D , A = A , A , or D , . J 5 5 4 1 4 4E : D s6  2 ? 3 ? qq q , otherwise. .
¡qq q , if W is of type E , . J 6~2 ? qq q , if W is of type A , D , D = A , or D , .E : D s J 6 6 5 1 57 ¢2 ? 3 ? qq q , otherwise. .
E : D8¡2 ? qq q , if W is of type D or E , . J 7 7
2 ? 3 ? qq q , if W is of type A , A = A , E = A , . J 7 6 1 6 1~s
D = A , A , D , E , D = A , or D ,5 2 6 6 6 5 1 5¢2 ? 3 ? 5 ? qq q , otherwise. .
¡ 3 2u¨ u q1 uq¨ uq¨ if W is of type B .  .  . J 3
2  4u q¨ q u , ¨ , Js 2, 3, 4 , .  .  .
3 3 2~u¨ u q1 ¨ q1 uq¨ uq¨ if W of type B , .  .  .  .F : D s j 24
2 2 2u q¨ u q¨ q u , ¨ , .  .  .¢ 3 3 qu¨ u q1 ¨ q1 q u , ¨ q u , ¨ , otherwise. .  .  .  .
 . q .G : D s 2 ? u¨q u, ¨ q u, ¨ .2
 .H : D s 2 ? 5 ? qq q .3
 .H : D s 2 ? 3 ? 5 ? qq q .4
 .  .  .I m 2 ¦ m and m G 5 : D s m ? qq q .2
 .  .  . q .I m 2 N m and m G 8 : D s m ? u¨q u, ¨ q u, ¨ .2
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Then
 .  .  .i H S, J; F, u is separable if and only if u D / 0.
 .ii Assume that u : R ª F be a composition of homomorphisms R ª
 .  .R9 ª F. Because of 3.2 , this condition is equi¨ alent to u q / 0 for anys
 .s g S. Then H S, J; F, u is split semisimple if and onlly if it is separable.
 .  .  .Proof. Since ii follows immediately from 3.6 and 1.1 , it suffices to
 .prove i . It is convenient to divide the proof into five cases:
 .  .I u q s 0 for any s g S.s
 .  .II u q / 0 for any s g S.s
 .  .  .  .  .III u u s 0, u ¨ / 0, and W, S is of type F , G , or I 2m .4 2 2
 .  .IV W, S is of type B .2
 .  .  .  .V W, S is of type B n G 3 and u qy s 0.n
  .By the symmetry of u and ¨ , it is not necessary to consider when u u / 0
 . .and u ¨ s 0.
 .  .  .I If u q s 0 for any s g S, then H S, J; F, u is semisimple if ands
 .  .only if W, S is of type A and W , J is of type A .n J ny1
 .  . Proof. If W, S is of type A and W , J is of type A , then H S, J;n J ny1
.  . 4F, u is of dimension 2 and b q b m 1, yb m 1 are its primitive0 1 1
 .idempotents. If W, S and J are otherwise, then by the same argument of
w  .x  .  .9, 2.2 , there exists b m 1 g Rad H S, J; F, u and hence H S, J; F, ui
 .is not semisimple. So case I is finished.
 .  .II By 3.9 , it is sufficient to determine the induction law of the
Iwahori]Hecke algebra and its parabolic Hecke algebra. It is equivalent to
determine the induction law of the corresponding Coxeter group and its
 w x.parabolic subgroup cf. 5 . In the case of exceptional type, they are listed
w xin 1 . We also check them using CHEVIE. In the case of classical type,
they are already known and we give a summary of them.
 .  4The irreducible characters of W A are parametrized by l : l & n ,n
where l & n means l is a partition of n. We denote the character
w xcorresponding to l by l . The induction law is
 .W A liq jy1w x w x w xm = n s c l , m & i , n & j, .  . .W A =W A  mniy1 jy1
l&iqj
l  w x.where c is determined by the Littlewood]Richardson rule cf. 16 .mn
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 .  .The irreducible characters of W B are parametrized by m, n : m &n
4 w xi, n & n y i, i s 0, 1, . . . , n , and denoted by m : n . The induction law is
 w x.as follows cf. 19 :
 .W B lnw x w xl s c m : n , .  .W A  mnny 1
m , n
 .W Biq j l l1 2w x w x w xm : m = n : n s c c l : l . .  .  .W B =W B 1 2 1 2 m n m n 1 2i j 1 1 2 2
l , l1 2
As a combinatorial consequence of this property, we obtain that if
w x W Bn..  .  .m : n , 1 / 0 and m s m , m , . . . , m , m G m G ??? G m , thenW 1 2 l 1 2 lJ
 4m G max. 1 F i F n : s f J .1 i
w x w x  .The irreducible characters m : n and n : m of W B have the samen
 . w x  .restriction to the subgroup W D . The restriction of m : n to W D isn n
nirreducible unless m s n . If n is even and m & , then the restriction of2
w x  .m : m to W D is the sum of two distinct irreducible characters ofn
 . w xq w xyW D , which we denote by m : m and m : m . The induction law ofn
 .  .W D can be determined by the one of W B . So we can obtain then n
 .desired result and case II is finished.
 .  .  .In cases III , IV , and V , we use the structure constants of the
 . w xstandard basis for H S, J . For the method to determine them, see 9 .
 .  .  .  . III If u u s 0, u ¨ / 0, and W, S is not of type B , then H S, J;2
.F, u is not semisimple.
 .  .  .  4Proof. Let W, S be of type I 2m m G 3 , and J s s . Then2 1
 .  4H S, J; K has the standard basis b , b , . . . , b defined in Sect. 2. The0 1 m
 .matrix representation of b m 1 g H S, J; F, u on the standard basis ism
0 ??? 0 1
0 ??? 0 u ¨ y 1 .
0 ??? 0 yu ¨ .
,
0 ??? 0 0
. . .. . . 0. . .
0 ??? 0 0
 . kwhere the j, k -element in the matrix is equal to c in Section 2. Hencem j
 :we have a nilpotent ideal b m 1 ; Rad H, and H is not semisimple.m
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 .  .  .  4Let W, S be of type I 2m m G 3 , and J s s . Then the matrix2 2
representation of b m 1 and b m 1 on the standard basis ismy 1 m
0 ??? 0 1 0¡ ¦
0 ??? 0 y1 u ¨ q 1 .
20 ??? 0 0 yu ¨ q 1 . .
2
u ¨ ¨ q 1 . .u ¨ q 1 , . . . . .. . . .. . . .
my 3 2yu y¨ ¨ q 1 .  . .
my 2¢ §0 ??? 0 0 yu y¨ ¨ q 1 .  . .
and
0 ??? 0 1¡ ¦
0 ??? 0 yu ¨ q 1 .
0 ??? 0 u ¨ ¨ q 1 . .
20 ??? 0 yu ¨ ¨ q 1 . .
u ¨ q 1 . . . . .. . .. . .
my 2yu y¨ ¨ q 1 .  . .
my 1¢ §0 ??? 0 yu y¨ . .
  . . :Hence we have a nilpotent ideal ¨b q ¨ q 1 b m 1 ; Rad H,my 1 m
and H is not semisimple.
 .  .  .Let W, S be of type F . By 3.3 , it suffices to check only when H S, J4
is maximal parabolic. In each case, the matrix representation of b m 1 isd
0 0 0 0 1
0 0 0 0 y1
< <  4W , if J s s , s , s ,0 0 0 0 0F , uJ 1 2 3
0 0 0 0 0 0
0 0 0 0 0
0 0 0 0 1
20 0 0 0 u ¨ y 1 .
2< <  4W , if J s s , s , s ,F , u 0 0 0 0 yu ¨J 2 3 4 .
0 0 0 0 0 0
0 0 0 0 0
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0 ??? 0 1¡ ¦
20 ??? 0 u ¨ y 1 .
20 ??? 0 yu ¨ q ¨ .
30 ??? 0 yu ¨ y ¨ .< <  4W , if J s s , s , s ,F , uJ 1 2 430 ??? 0 u ¨ .
0 ??? 0 0
. . .. . .. . .¢ §
0 ??? 0 0
0 ??? 0 1¡ ¦
20 ??? 0 yu ¨ q ¨ q 1 .
3 20 ??? 0 u ¨ q ¨ q ¨ .
3< <  4W , if J s s , s , s .F , u 0 ??? 0 yu ¨ .J 1 3 4
0 ??? 0 0
. . .. . .. . .¢ §
0 ??? 0 0
Hence b m 1 g Rad H and H is not semisimple.d
 .  .  4  4  .IV If W, S is of type B and J s s or J s s , then H S, J; F, u2 1 2
  . q ..is separable if and only if u q u, ¨ q u, ¨ / 0.
 .  4  .  .Proof. Let W, S be of type B and J s s . Then q u, ¨ s 1 q u 12 1
. .  .q ¨ 1 q u¨ and dim H S, J; K s 3. The matrix representations of b1
and b are2
0 1 0
¨ u q 1 ¨ y 1 u q 1 .u q 1 .  00 u¨ u q 1 ¨ y 1 .  .
and
0 0 1
0 u¨ u q 1 ¨ y 1 .  .u q 1 , .
22 0u¨ u¨ ¨ y 1 u ¨ y 1 q ¨ u y 1 .  .  .
respectively. Then we obtain its primitive idempotents
1
b q b q b , .0 1 21 q u 1 q ¨ 1 q u¨ .  .  .
1
2¨ b y ¨b q b , .0 1 21 q u 1 q ¨ u q ¨ .  .  .
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and
1
yu¨ u q 1 b y u ¨ y 1 b q u q 1 b . .  .  . .0 1 221 q u u q ¨ 1 q u¨ .  .  .
 .   . q ..Hence H S, J; F, u is separable if and only if u q u, ¨ q u, ¨ / 0.
 .  .  .  .  .V If W, S is of type B n G 3 and u qy s 0, then H S, J; F, u isn
not semisimple.
 . ny1  i .Proof. In this case, the Poincare polynomial q q, y s  1 q q yÂ is0
n  i.  ..  .  .?  1 y q r 1 y q . First we assume that u y s 0. By 3.10 andis2
 .  .   . q ..3.2 , H S, J; F, u is separable if and only if u qq q, y q q, y / 0.
 .  .  .Next we assume that u q s 0. By 3.4 and 3.3 , we only check when
 .W, S and J are the following cases:
type of W , S type of W . J
q q q y
a B n G 3 A o o o o= .  .n ny1
n y 1 n1 2
q q q y
b B n G 3 B o= o o o .  .n ny1
n y 1 n1 2
qq y
c B A = A o o= o . 3 1 1
1 2 3
In each case, the matrix representation of b m 1 isd
0 ??? 0 1
0 ??? 0 u y y 1 .
0 ??? 0 yu y .
a , .
0 ??? 0 0
. . .. . . 0. . .
0 ??? 0 0
0 ??? 0 1
0 ??? 0 yu y q 1 .
0 ??? 0 u y .
b u y q 1 , .  .
0 ??? 0 0
. . .. . . 0. . .
0 ??? 0 0
0 0 1
c u y q 1 . .  . 0 0 y1 /0 0 0
Therefore b m 1 g Rad H and H is not semisimple.d
We complete the proof of the theorem.
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